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Recovering a stochastic process from super-resolution noisy ensembles of single-particle trajectories
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Recovering a stochastic process from noisy ensembles of single-particle trajectories is resolved here using the
coarse-grained Langevin equation as a model. The massive redundancy contained in single-particle tracking data
allows recovering local parameters of the underlying physical model. We use several parametric and nonparametric

estimators to compute the first and second moments of the process, to recover the local drift, its derivative, and
the diffusion tensor, and to deconvolve the instrumental from the physical noise. We use numerical simulations to
also explore the range of validity for these estimators. The present analysis allows defining what can exactly be
recovered from statistics of super-resolution microscopy trajectories used for characterizing molecular trafficking

underlying cellular functions.

DOI: 10.1103/PhysRevE.00.002100

I. INTRODUCTION

The redundancy of many short single-particle trajectories is
necessary to extract physical parameters from empirical data
at a molecular level [1-3], while long isolated trajectories
have been used to extract second order properties of a
Brownian motion using mean-square displacement analysis
[4-7]. Some geometrical properties can also be recovered
from long trajectories, such as the radius of confinement for
a confined Brownian motion [8]. In the context of cellular
transport (amoeboid), high resolution motion analysis of long
trajectories [9] in microfluidic chambers containing obstacles
revealed different type of cell motions. Depending on the
obstacle density, crawling was found at low density of
obstacles [10] and directed and random phases can even be
differentiated. In high density regions, the motion is rather
directed from obstacle to obstacle [11].

Under additional assumptions about the physical process
and with the advent of massive high resolution microscopy
data, it has been recently possible to recover additional
features from many short trajectories such as the local
drift, the diffusion tensor, and even potential wells that are
refined local structures, generating confinement due to a
direct field of forces [2,3,12,13]. Moreover, with a model
of obstacles organization, the map of diffusion coefficient
can be converted into a density of obstacles [14]. Several
approaches have been proposed to reconstruct diffusion
properties from empirical estimators of a large ensemble of
single noisy trajectories [15,16], even when trajectories are
sampled and recorded points contain additional noise due to
background limitations [17]. Precise and careful estimates
[15,16] have been obtained for pure diffusion processes
(no drift).

In this article, we present a general analysis of short
stochastic trajectories, where the stochastic motion contains a
deterministic drift that may vary in space. The drift analysis is
relevant when a tracked particle experiences direct interactions
or becomes confined by a potential well, that needs to be
resolved and whose parameters are extracted from data.
Because empirical data can be potentially noisy, the drift term

1539-3755/2015/00(0)/002100(11)
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can be affected by measurement noise, such as tracking noise,
thus requiring a careful interpretation of the data analysis. As
a result, we see here that when a stochastic particle crosses
a potential well, the second derivative of the potential well
is an additional term that contributes to the expression of the
measured diffusion coefficient. Thus, a deconvolution of the
trajectories is needed to remove instrumental noise or tracking
error that affects the recovery of the physical motion from
measured trajectories.

Deriving analytical formulas allows resolving precisely
the contribution of each term and recovering the physical
dynamics by computing the first and second moments from
data. Traditionally, empirical data are presented as a collection
of discrete trajectories obtained at a fixed time resolution Az,
which are corrupted by noise that changes their exact location
(Fig. 1). Torecover the physical process, we present parametric
and nonparametric estimators and the underlying physical
process, modeled here as a coarse-grained Smoluchowski limit
of Langevin’s equation. In addition to several estimators and
their analysis, numerical simulations are used to explore the
range of validity of these estimators.

One of the main results can be summarized as follows:
Consider an m-dimensional stochastic process

X = AX)+V2Dw, (1)
where a is a vector field an the classical m-dimensional
centered Brownian motion or—=iance 1. The diffusion tensor
is assumed to be a constant D. The observed motion is

Y =X +oi, )
where 5 is an m-dimensional standard Gaussian and o is a
small parameter. Then, the estimator for the drift is

Yn-H - Yn |Y —x
At "

= A(x) + o(At) + O(c?),

apn(x) = IE[
3)
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FIG. 1. An observed trajectory (grey dashed line) is obtained
as the sum of physical trajectories (black line) with an additional
instrumental noise. At constant time intervals, the physical trajectory
is subsampled (black circles). Instrumental noise perturbs the exact
localization, and observed points (grey stars) are positioned in a
neighborhood of physical ones. The present method is to recover
the physical trajectories from noisy observations.

and the estimated diffusion coefficient relates to the physical
parameter by

1Y 1 — Youll?
D =E|———————|Y, =
ar(%) [ 2mAt | *
2 2

=D+ + T div(A) + 0(AD), (4)
At m

where div(A) is the divergence of the drift vector. These
new formulas show how spatial variations of the drift affect
the measured diffusion tensor. The formulas for general
nonparametric empirical estimators are given by formulas
(A3) and (A4), while for parametric ones, they are given
for an Ornstein-Uhlenbeck (OU) process by relations (48),
(49), and (51) obtained with an approximated probability
density function (PDF) and by Eqs. (54) and (55) for the exact
one.

This article is organized as follows: the first part is dedicated
to the construction of nonparametric empirical estimators from
a stochastic analysis in the entire space R. Second, we derive
analytical formulas for the first and the second moments.
We apply these results to parametric estimators of an OU
process and obtain various formulas. In the third section, we
extend our result to a diffusion process in higher dimensions
R™, m > 1. In the last section, we present several parametric
estimators based on a maximum-likelihood procedure, with
applications to an OU process. The analytical formulas for
the estimators are compared to numerical simulations. We
conclude that this analysis supports the view that biophysical
properties of a membrane can be recovered from the empirical
estimators of many single-particle trajectories and potential
wells are physical objects [2,3] and not artifacts of tracking
algorithms.

PHYSICAL REVIEW E 00, 002100 (2015)

II. ESTIMATIONS OF A STOCHASTIC PROCESS USING
NONPARAMETRIC ESTIMATORS

A. Stochastic model

The physical motion of a stochastic particle is modeled by
the Smoluchowski limit of the Langevin equation resulting in
the equation of motion

X = aX)+ b(X)w, 3)

where a is a deterministic drift, b the diffusion tensor, and w
the classical Wiener §-correlated noise. The Ito integral leads
to

t t
X(t)=X(u)+ / a(X(s))ds +/ b(X(s))dw; (6)
and at times 0, At, ... ,nAt,
(n+1)At
/ a(X(s))ds = a(X,)At + o(At) @)
nAt
and
(n+1)Ar
/ b(X(s))dw; = b(X,)Aw, @)
nAt
the discrete approximation sequence is
X1 = X, +a(X,)Ar + b(X,)Aw, )

where X,, = X(nAt). The position X, of the physical process,
recorded at increment time step Af, suffers from an additive
Gaussian noise, added to the subsampled points. Thus, the
observed points are described by

Y, =X,+Z, where Z,=019,, (10)

and 7, is a one-dimensional Gaussian variable. We present
various statistical parametric and nonparametric approaches to
recover the underlying stochastic component of the continuous
variable X from the empirical measured sequence Y ,.

B. Recovering the empirical transition probability density
function in R

We compute here the transition probability of the observed
motion p(y|x) = Pr{Y,+; = y|¥, = x} in one dimension
when the diffusion tensor b(X,)) = +/2D is uniform in space:

pOy1x) = p(Xng1 + Zn1 = y|IXn + Zy = x). (1D

The two processes X,, and Z,, are independent and, in R, we
have

p(ylx) = ‘/RP(XnJrl + Zpy1 = y1Xn = x1)

X p(Z, = x — x1)dx

=/ / PXut1 =y1,Zpp1 =y — 01lX, = x1)
R JR

x p(Z, = x — x1)dx,dy;

= / / p(Xn-H = ylan =x1)P(Zn+1 =y - yl)
R JR

x p(Z, = x — x1)dx1dy;
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=/ / p(Xn-H =yl|Xn = xq)
R JR

_ G- ’61)2
e 2wl e

o\/_ o271
— X, ~ N(a(X,)At,~2DA?), the

_ 0= \1)2

dxldyl

For At <1 and X,

PDF is
(X y |X x ) e 4DAr (13)
P 1=)1 =X|)= —,
" ! V4m DAt
which gives that
by —xg—aan? =ik —apar? e o=yp?
(ylx) = / / e gy
pLy \dy,
R ~4mrDAt o2m o+2m
_ b —atpar?

_ =y )2

2(02+42DA1)

e 2’ e
= dx
/]R o2m /27 (0% +2DAY)

To obtain an explicit expression of this convolution, we use
the change of variable x; = x + o7, where 0 < 1:

772 _ y—x— nn a(x+onAn?
2 202 +2DAr)

J_ \/271(0 + ZDAt

Using a Taylor expansion, we have a(x +on) =a(x)+
ona'(x) + o(c) and

p(ylx) =

_ b—x—atoar onli+a (A2
2(02+2DA1)

R +/2 \/2n(02+2DAt

This integral can be regarded as the convolution of two
Gaussian functions over the real line, and we easily obtain
that

N\s,v

p(ylx) =

14
12)

PHYSICAL REVIEW E 00, 002100 (2015)

where

0%,(x) = 20°[1 +a'(x)At] + 2D At + O(A)*.  (15)

s We conclude that the transition probability of the observed
o process Y, is Gaussian and Y,

— Y, ~ N(aY,)At,01(Y,)).
The observed motion is thus defined by the discrete
scheme

YAt(t + At) = YAt(t) + aobs(YAr)Af +

(16)
where AW, = W(t + At) — W(t) and W is a Brownian

motion of variance 1 and

Aobs(x) = a(x) (17)

Oobs, a1(X) = 0ar(x)

= V2021 + a'(x)At] + 2DAt + O(A1)2.

(18)

This approach allows defining the continuous process ¥,
from the approximation at the scale At; it is a solution of
the stochastic equation

oas(Yar)
NN

The drift of the observed process at a time resolution At is
the same (at first order in o) as the physical one, while the
diffusion tensor is changed and given by formula (15).

d¥a(s) = a(Ya,)ds + dw,. (19)

III. ESTIMATING THE DRIFT AND DIFFUSION TENSOR
Optimal estimators of the physical process (5) are con-
structed from Feller’s formula [1,3,18,19],
EXt+A)—-X0)|X)=X
a(X) = lim (X + A1) — X)) | X(1) )7
At—0 At

where the average E(- | X(¢#) = X) is taken over the trajectories

(20)

e’% passing through point X at time ¢. Similarly, the second
pYur =Yy =x) = ———, (14) moment is given by
oa(x)V 21 |
o E[(X(r + At) — X)) (X(t + At) — X))/ | X (1) = X
WX = 1 [(X(r + A1) (1)) (X( + A1) (0)/1X(1) ]. @
t—0 At
[
In practice, this inversion procedure requires combining process is
several independent trajectories passing through each point of
a domain. The drift and the diffusion tensor can be recovered Yoi1 — Y,
from many empirical trajectories. In the next section, we an(x) = E|: Al 1Y, = x}
generalize these formulas to extract the underlying physical
processes (drift and tensor) from observing a discrete ensemble _ L / O = )pYns1 = y|Yn = x)dy
of trajectories Y,, at time resolution At. At Jr " "
=a(x)+ o(1). (22)

A. Recovering the drift in dimension 1

The infinitesimal operator of the observed process Y,
defined by Eq. (10) is Gaussian and the associated stochastic
discretization equation is Eq. (16) (Sec. IIB). Thus, an
estimator for the drift at a time resolution At of the observed

The average Eq. (22) computed from observed trajectories
gives the same drift component as the initial physical process
in the limit

lim aa;(x) = a(x). (23)
At—0
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21 (a) (b)
15 1.5
D 11— D 1
0.5 0.5
0 0
10° 102 10° 102
SNR SNR
2
21 (c) (d)
* - K
D tf——r——= D1
0.5 0.5
0 0
10° 102 10° 10
SNR SNR

FIG. 2. Diffusion coefficients are estimated for (a, b) a Brownian
motion (BM) and (c, d) an Ornstein-Uhlenbeck process (OU) and
for various values of the signal-to-noise ratio (SNR) represented in a
log-10 scale. Trajectories were simulated using Euler’s scheme and
subsampled so that the observed trajectories contain 10 000 points,
and position noise o was subsequently added to each point of the
trajectories. The diffusion coefficient D, is estimated using formula
(A4). Black dots represent D = D~N — Z—zt and the continuous lines
bounding the grey area represent D =+ std. The diffusion coefficient
is D = 1 and for the OU process the drift is a(x) = —2x. Variations
of the SNR, defined as 0%, are obtained for fixed position noise (a,
¢) or fixed sampling tim?:r (b, d). In (a) and (c), the positional noise
is fixed at o = 0.1, while the sampling rate At is varying. In (b) and
(d), the sampling time is fixed to Az = 0.001 and the position noise
o is varying.

Thus, adding a Gaussian noise on the physical process,
sampled at any rate, does not alter the physical deterministic
drift at first order in o (see Appendix B for the second order).

B. Recovering the diffusion tensor in dimension 1

The diffusion tensor at position x of the observed trajecto-
ries is estimated as
Y, = x:|
1

Yn — In 2

E Yut1 — Y)
2At

AT /R(y —x)’p(Yuy1 = y|Yy = x)dy

o2 a’(x)

I D 27
At+ +oa'(x)+

Dps(x) =

At + o(At), (24)
where the transition probability of the observed process is
computed from expression (14). This result shows that at a
time resolution At, estimator (24) contains an additional term
o2a’(x) to the diffusion coefficient of the physical process.
In practice, the field a(x) is recovered from estimator (22),
and the resolution Af is fixed; the amplitude of the noise o
is calibrated from instrumental noise. It is then possible to
recover the diffusion coefficient D. A general expression for a
diffusion tensor D(x) is derived in Appendix B.

Using formula (24), we estimated the diffusion coefficient
D in Figs. 2(a) and 2(b). The signal-to-noise ratio (SNR)

PHYSICAL REVIEW E 00, 002100 (2015)

is defined as %. A high SNR can be due either to a large

sampling rate At orto alow positional noise. In our numerical
application, we first vary the SNR by fixing the amplitude of the
noise o and by varying the increment A¢ [Figs. 2(a) and 2(c)];
then we vary the parameters the other way around [Figs. 2(a)
and 2(d)]. We also estimated the diffusion coefficient for an
OU process [Figs. 2(b) and 2(d)]. These numerical estimations
show that the estimator for the diffusion coefficient is biased
for a high SNR for an OU process when the positional noise
o is fixed and the time step At increases [Fig. 2(c)]. This
counterintuitive result is due to the approximation (9) for the
physical motion X,,;1 — X, ~ N(a(X,)At,~/2DAt), which
is only applicable at small time steps Af. However, this
approximation is perfectly valid for a Brownian motion, as
shown in Fig. 2(a).

C. Other estimators

For a stochastic process containing a drift component, it
is not possible to extract the physical diffusion coefficient
directly by combining the first and the second moment
estimators, which is in contrast with the pure diffusion case
(see [15,16]). We now present an estimator where the Gaussian
instrumental noise can be eliminated. Using the difference
AY, =Y, —Y,, we can rewrite

AYn = a(Xn)At + U(Xn)AWn + U(nn-H - r]n)7
AY, 1 = a(X,- )AL + 0 (X)) AW, -1 + 0 (7 — Nu-1)s

where AW, and AW, _; are two independent increments of
Brownian motion. The expectation is

2 2
E[(Yn-H - Yni([Yn - Yn—l)i| _ —%E(nﬁ) _ —%—{-0(1).
(25
Using relation (24), we obtain that
E|:(Yn+1 — Y, y, — x} n E|:(Yn+1 — Y)Y, — Ynl)]
2At At
=D +o2d'(x) + o(1). (26)

In this estimator, the instrumental noise is averaged out. There
are no direct procedures to get rid of the derivative of the drift
term, which can be extracted from the first order moment.
However, computing a derivative from noisy data should be
done carefully as it introduces singularities and irregularities.

D. Empirical estimators associated to an
Ornstein-Uhlenbeck process

We now consider an OU process,
dX = —MX — pw)dt + V2DdW,
where the PDF is

1
p(y,t1x,0) = ﬁ
‘IZﬂDT

o —aq2
xexp(—[y h— = pe ]>. (28)

2D —
T(l —e ZM)

27)
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In the discretized setting, the PDF between two time steps
separated by an interval Ar associated to the observed motion
Y, can be computed from Eq. (12) and is given by

p(YnJrl = len =x)

[y —p—(ep—pe A2

e “)2 0= mz

T 2w o
/ / dxldyl
R /27.[D(1 e~ 20 o2 oA2x
y—p—(x—pe *A12
e LZ(Hp—Z/AIH (1—e—21A1)
(29)

- J2mlo2(1 4 e 4 21— -vany)

The local dynamics can be recovered from the trajectories by
computing the observed drift at time scale Az, which is given
by

1
aQl(x) = ~ fR (v = )pYpy1 = y|Y, = x)dy
_ e—AAz
=—(x — M)T’ (30)

which generalizes relation (22). Similarly, the observed diffu-
sion coefficient is

DY (x) = A7 /(y — X2 p(Yni1 = y|¥, = x)dy

2 —2AAL —2AAt
- 1 (1 =
2At (O ( ¢ ) A ( ¢ )>

(1 — e a1y

_ 2
G Yy

(3D
In Fig. 3, we estimate the local drift and diffusion coefficient
for an OU process and compare the local estimators for the
drift (22) with relation (30) [Fig. 3(b)]. For the diffusion
tensor, we compare relations (24) and (31) [Fig. 3(c)]. At
first order approximation for short time step A¢, estimator
(22) respectively relation (24)] gives results similar to Eq. (30)
[respectively relation (31)].

E. Estimating the motion of an immobile particle
and criteria of detection

When a particle is fixed at position X, the sampled
trajectories are generated by the noise localization with
variance o . Computing the first moment shows that the particle
is not moving and the second moment is used to extract the
variance o. The observed dynamics is given by the stochastic
equation

Y, = X0+Gnn7

where 1, are independent and identically distributed Gaussian
variables of variance 1. The transition probability reduces to

_o=Xp?
e 202
p(Yn-H = y|Yn =Xx)= p(Yn-H = Y) = O_\/E s

PHYSICAL REVIEW E 00, 002100 (2015)

and the empirical estimator of the drift is

1
ani(x) = E/}R(y —X)p(Ypy1 = y|Y, = x)dy

oo

——(x — Xp),
At(x 0)

_ 0= Xo)z

dy

which should be compared to relation (22): the estimator now
depends on the time resolution At and the location of the
pinned particles, which can be determined by the empirical
averaging % Y i1 Y&. The sum is converging (in probability)
as n goes to infinity to the mean E(Y;) = Xj. Thus, contrary to

the case of a physical drift, the empirical sum 1i/ ,]{V [Y”Z‘ - ay

converges to ——(x — Xo), which depends on the time step
At.

Similarly the second moment estimator gives for the
diffusion coefficient the following expression:

(Yn+l - Yn)2
Dax) = E| =00 1y, —
ar(x) [ AL | X
_ = Xo)“
T 2Ar /(y - m/

2 2

2At((x Xo)" +07). (32)
By fixing the center x = Xy, the empirical estimator (32)
allows estimating EU and the variance o.

This example is instructive because it allows differentiating
a fixed particle from one trapped in a potential well [see
Secs. III A and III B, formulas (22) and (24)]. In summary,
the following criterion can be used: the first moment (velocity)
computed from a sample trajectory for a fixed particle depends
on the time resolution A¢, which is not the case for a physical
particle trapped in a potential well [see relation (22)].

IV. ESTIMATORS FOR A MULTIDIMENSIONAL
DIFFUSION PROCESS IN R"

We now generalize the one-dimensional results to higher
dimensions in R™. We consider an m-dimensional stochastic
process, sampled at discrete time steps. Each point of the
trajectory in the discrete time approximation is obtained by
picking the position of the physical trajectory at times nAt,

X=X, + AX,)At + V2D Aw, (33)

where A is a vector field and Aw the classical m-dimensional
centered Brownian motion of variance 1. The diffusion tensor
is a constant D. As described by Eq. (10), the observed motion
is

Y, =X, + 0N, (34)

where 3, is an m-dimensional standard Gaussian. Similarly to
the one-dimensional case, we have determined the transition
probability between observed points and obtained estimators
for the drift and diffusion in Appendix C. We summarize here
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2
2 (@) (b) Drift eq. (22) < \(© Diffusion eq. (24)
= 4 X Drift eq. (30) 5’1 5 Diffusion eq. (31)
=0 ® c %
= - o
3 0 ‘@
a =
) P
4 05
0 0.5 1 2 0 2 2 0 2
Time t X X

FIG. 3. (Color online) (a) Trajectory of a one-dimensional OU process, generated using Euler’s scheme (blue curve), and the observed
trajectory (red curve) is obtained by subsampling at A = 0.1 and with an additional position noise of standard deviation & = 0.05 (SNR=40).
The other parameters are fixed to D = 1, A = 2, and p = 0. The observed trajectories contain 10 000 points. (b) Estimation of the local drift
using Eq. (A3) (black dots), and comparison with the analytical formulas (22) (red) and (30) (blue). (c) Estimation of the local diffusion
coefficient using Eq. (A4) (black dots) and comparison with the analytical formulas (24) (red) and (31) (blue).

205 the new estimators for the drift, (1, ...,YN+1)- The maximum-likelihood estimator is com- a2
Y, —Y puted from the joint probability 326
an(x) = E[Mm = x]
At POV, - YN+1: 0). (38)
= A(x) + o(Ar), (35) Assuming an independent and identically distributed sample, 327
206 and for the diffusion, we get 828
1Y i1 = Yol r
Dps(x) = E[WIE =X p(y1,.--,yN+1;0)=l_[17(yn+1|yn;0), (39
n=1
2 2

=D+ o + U_div( A) + O(AD), (36) where p(y,+11yn; @) is the transition probability from point y, se0
At m at time , to y, at time #, + At. Itis given in dimension 1 in sa

207 where div(a) is the divergence of the drift vector. the entire line when b(x) = +/2D by 331
Ay =Y} —aly, ,0 ' 2

26 V. EMPIRICAL ESTIMATORS FOR A DIFFUSION Ry

- PROCESS USING A MAXIMUM-LIKELIHOOD POty = 40)

300 PROCEDURE on (i, V21

w1 We now construct parametric empirical estimators for a s shown in Eq. (15): 532

a2 stochastic process using the maximum-likelihood procedure. o 0) = 2021 + d'(yi.0)At] + 2D(vi) At + O(A1)?
303 In a first part, we derive a general formula to extract drift and ae(3%.0) [ O 0)A1] (%) (A1)

a0« diffusion coefficient parameters. Our analysis is based on ap- 41)
ss proximating the transition probability for the observed motion 1 g-likelihood is defined as

as [Eq. (14)], from which we derive the probability to observe a .

07 trajectory conditioned on an ensemble of motion parameters. N
s0s By finding the maximum of this conditional probability, we Ly, .o yn4110) = Zlﬂ Pnt1lyns )
a9 obtain the optimal parameters. We then apply this formula to n=1
a0 an OU process and obtain estimators for the drift parameters N
a1 and the diffusion coefficient. In the final part, we reapply a — Z]n on(vn,0)
sz maximum-likelihood procedure to an OU process, but using =1
a3 now the exact transition probability (29) of the observed N 5
a4 motion and no longer the approximation (9) for short time . l Z [Ynt1 = Yn — a(yn; 0)Ar]
15 steps. We finally compare the two estimators—approximated 2 — o2,(¥n) '
a6 and exact—of the OU process. The main assumption is that the
s17 drift depends on the parameters 6, ... ,6,,. The objective of (42)
sie the maximum-likelihood method is to estimate the parameters  The parameters 6y, . . . ,6,, and D are computed as maximizers s
s9 0 = (61, ....0,) and the diffusion coefficient. of the likelihood function and thus by differentiating ¢ with sss
220 We start with a sequence of observed points (yi, ..., ynv+1),  respect to 6y, ... ,6,,,D. The conditions 2 =0and X =0 as
s21 generated by a stochastic model can be rewritten as ’ a5
x =a(x,0)+ b(x)w (37) 3¢ N 3oa(un0) N 9om0u0)
) L RO o . o 1.2
a2 perturbed by an additive Gaussian noise, as discussed in 9D onr(¥n,0) 02;()%0)
a3 the first section. To determine the parameters #, we maxi- n=1 n=1
324 mize the transition probability conditioned on the sequences X [Vne1 — Y — a(Yns 0)Ar]%. 43)
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When the diffusion coefficient D is independent of the
position, the estimator is

ZAI < Z[ynJrl

Vo — a(yn; )AL

—202<1 + 8—“( '0)At>> + O(Ar) (44)
9x Yns ’

Moreover, differentiation of £ with respect to 6;, 1 < i
gives

<m,

doa;
o _ b, o i Vst = Y — alyu: O) AL
36; oar 36 = ox,
o dalyn; 0)
— 2 st — yu —a(yn; )At]. (45)
Oar ooy 20;

Conditions (43) and % = 0 thus lead to the condition on the

parameters 0y, . .. ,0,,
N
da(y,;0)
> %[)’er — Yn — a(y;0)A11 =0

n=1
for i=1,...,m. (46)

A. Estimating an Ornstein-Uhlenbeck process from the
approximated transition probability

In this section, we apply the maximum-likelihood estimator
to an observed OU process. An OU process sampled at short
time At [Eq. (9)] can be approximated by

Xnt1 = X, — AX, — WAt +vV2DAw.

We construct the transition probability of the observed motion
as

_ —x+ra-wAn?
e 203,

_ 47
o2 @7

pPYup1 = ylY, =x)=
where
) 2 2
Ox =20°4+ (2D —20°L)At + O(Ar7).
The log-likelihood (42) is now

Z()’h . e 1yN+1|)" D)
n n )\‘ n At 2
——NIHOAI——Z[y-H Y +2()’ — W) ]
n=1 O
COHdlthIlS =0, 2% =0,and ! 3‘3 = 0 lead to

N

N
D vulynst = ¥u + A — WA =0,

n=1

and thus the empirical estimator A for the parameter A is

_L Z}I’[V:l yn(ynJrl - yn)

%= 2 )
At anlyn(yn_ﬂ)

(48)

PHYSICAL REVIEW E 00, 002100 (2015)

Similarly, using % = 0, we obtain the condition

(N4 = V) — — Z Y- (49)

= Niad

By combining Eqgs. (48) and (49) we obtain

2111\,:1 Yn 2,11\,:1 Yn(Yng1 — Yn) — Zn 1 yn(YN+1 - yl)
NN 3Ot = y0) = 20 vunsr — y1)

i =
(50)

Finally, using Eq. (43) we obtain for the diffusion coefficient
the following empirical estimator:

- o = 1 1
D=oc\A—— )+
At 2N At

N
XY Dnt = Y+ X —

n=1

Q)AL (51)

B. Estimating an Ornstein-Uhlenbeck process from
the exact transition probability

In the previous section, we used Eq. (9) to determine an
approximation of the transition probability of an observed OU
process, and used a maximum-likelihood estimator to extract
the parameters. In this section, we use the maximum-likelihood
method to estimate the parameters of an OU process using the
exact transition probability of the observed motion, given by

Py = y|Y, =x)

_ y—p—(=pe *A12
N 2o (14e 280 L D (=234,
= . (52)
\/271’[02(1 + e 4 %(1 — e24A1)]
For a trajectory of N + 1 observed points (yy, ...,Yn+1), the

log-likelihood is
e(yla ce s YN+1 |)"aM’D)

1 D
= —EN In <02(1 +e T PAN 4 7(1 - e“f)>

-y [ie1 — 1 = i = we 47
— 2002(1 + e AN 4+ 2(1 —

e—ZAAt)] ’

Maximizing the log-likelihood leads for the parameters X fi,
and D to the equations

8E( |, i,D)=0
8D Y1y -3 YN+1 My — U,

8g( |%.ii,D) =0, (53)
ar Yis -5 YN+1 =

3¢ o
a_(yls'-~7yN+1|)\'7H/1D):0'

22

We are left with solving the three equations. The drift term
appears in the expressions of A and e™*#!, which makes it
impossible to find a closed-form solution for the parameters.
In Fig. 4, we estimate the parameter A using a numerical
optimization method. After estimating X, we can estimate s
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(a) Estimator 1
0.2 Estimator 2
- |
— 0
= = -
-0.2
2 4 6 8 10
A
(d)
0.2‘7
3
7 0,
=3[ -
-0.2!
2 4 6 8 10
A
10
(9) (h)
0.2‘ 5
o0 = <o
= 1<
0.2 =
-10
2 4 6 8 10 2 4
A

0.5
Q
0 0
_0_5\
6 8 10 2 4 6 8 10

FIG. 4. (Color online) The maximum-likelihood estimators presented in Secs. V A (blue) and V B (red) for an OU process with D =1,
u =1, and various values of A are compared. From left to right, the plotted estimations are i — u (a, d, g), A=A, e h),and D — D (c, f,
i). The observation time step is Az = 0.1 and from top to bottom, o = V0.1 [(a—c) SNR=1], 6 = +/0.01 [(d—f) SNR=10], and o = +/0.001
[(g-1) SNR=100]. The black line is the mean of the estimation for trajectories of 500 points, and the colored part indicates + the standard

deviation.

and the diffusion coefficient D by

AAL

N
1 Z 1 YN+l — Ve~
o N(i_z yl>+ L — e N ’

by 1 & ;
~ ~ N YNE
D 1—e27\Af<NE yie1r — & — (i — e ])

i=1

(54)

_1 —2XA1
_ 02A+e—

i (55)

1—e

Using numerical simulations, we now compare the two
maximume-likelihood estimators determined in Secs. V A and
VB. To evaluate the performance of the estimators, we
simulated trajectories following an OU process. We fixed
the time step At =0.1 and estimated A, w, and D for
n = 500 observations. The average and standard deviation of
the estimated parameters X, i, and D are obtained by taking
500 realizations of the process. Moreover, the parameters are
estimated for various values of the observation noise . The
results are summarized in Fig. 4. As expected, the estimator of
Sec. V B, based on the actual transition probability of the OU
process, gives better estimates than the estimator of Sec. V A.

VI. DISCUSSION AND CONCLUSION

We presented here several empirical estimators that can be
used to compute the first and second moments of a stochastic
process from single-particle tracking (SPT) data. When a
Gaussian noise is added to the physical process, the analysis
of the estimator reveals that the drift and the diffusion tensor
[formulas (22) and (24)] are recovered at first order. The
present estimators are very different from classical mean
squared displacement (MSD), computed along trajectories.
Here the estimators are based on computing the first and
second moments using realization of an ensemble of many
trajectories. In addition, as shown in Appendix B, computing
the moments does not require a priori knowledge contained in
the probability distribution function of the process. Appendix
A shows how the first two moments are computed by dividing
the space in bins.

The key message of this analysis is that the drift can
be recovered entirely to a first order approximation in the
amplitude o [relation (B7)]. When the drift varies in space,
the estimated diffusion tensor contains a new term which
is the derivative of the drift (or the divergence in higher
dimension) that needs to be subtracted to recover the physical
diffusion coefficient.

The present analysis provides the theoretical framework for
extracting physical parameters from super-resolution single-
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particle trajectories [2,3,20], where the drift was recovered
and potential wells were estimated, without accounting for the
additive Gaussian external noise. Here we have shown that,
to a first order approximation, the additive Gaussian noise
does not contribute to the drift estimation (only at the second
order), allowing us to conclude that the estimation of the energy
of potential wells is not affected (to order 1) by an external
localization noise. This analysis confirms that the biophysical
parameters extracted in [2,3,20] are a good approximation even
if there is a Gaussian empirical noise added.

Finally, another key result here is the possibility to discern
a particle trapped in a potential well from a fixed particle,
although their associated trajectories look similar due to
position noise. We provided here a criterion to differentiate
a fixed and a confined particle (Sec. IIIE). In particular,
converging arrows in a vector field extracted from SPT analysis
[2,3] reveals a physical potential well and cannot be an artifact
of tracking fixed particles. This is even more clear when wells
are anisotropic. However, the present analysis does not reveal
the origin of the wells [12].
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APPENDIX A: APPROXIMATION FORMULA FOR THE
LOCAL DRIFT AND DIFFUSION COEFFICIENT

Computations with the estimators developed here from em-
pirical data depend on the following steps: starting with a sam-
ple of N, observed trajectories {yi(tj),i =12,...N;, j =
1,2,...,N,}, where ¢; are the sampling times, and Nj is
the number of points in each trajectory, the dynamics is
reconstructed by computing the local drift and diffusion
coefficient of the observed diffusion process. First, the range
of points on the line is partitioned into M bins of width 7,
centered at x, such that

r .
¥—3 < min{y'(7;), 1 <i < N,, 1 < j < Ny}
and
x5 > max(y ). 1 <i <N 1< < N,

The effective drift and diffusion coefficients of the observed
diffusion process are evaluated in each bin from the empirical
versions of the formulas [1,21]

as(x) = lim ZBIy( + A1 = y(@)|y(@) = x], (AD)
2D (x) = limp o Bl + A — y(0O)FF | y(1) = x].
(A2)
The empirical version of Eq. (A1) at each bin point x; is

LN N,
ani(xg) = N Z Z

i=1 j=1,y/(1;)B(xi, Ax)

(i) — Vit
Y'(tit1) =y (_,)7 (A3)
At

where B(x,r) is the bin [x; — r/2,x; + r/2]. The condition
¥'(tj) € B(x;,r) in the summation means that |y*(z;) — x| <
r/2. The points y'(¢;) and y'(z;4) are sampled consecutively

PHYSICAL REVIEW E 00, 002100 (2015)

from the ith trajectory such that yi(tj) € B(xg,r) and the
number of points in B(x,r) is Ni. Similarly, the empirical
version of Eq. (A2) at bin point x; is

N, Ny

D) = Ni >

J=1 j=15(t;)eB(x,r)

L' (tj41) — ¥ (1)1

2At a4

APPENDIX B: HIGHER ORDER MOMENT ESTIMATES
AND GENERAL INVERSION FORMULA

We present now a different approach to estimate the drift and
diffusion coefficients by using direct regular expansion. This
approach does not assume any knowledge of the PDF of the
process and is thus applicable to any general manifold. We
start with the continuous stochastic equation of Eq. (9),

X =aX) + b(X)w, (B1)

and
Y =X+oi, (B2)

where both w and  are two independent and identically
distributed Brownian variables. The close stochastic equation
for Y is

Y=aY —on)+bY —opw + oi. (B3)
Using a Taylor expansion to order k, we get
k
(=0) da'(¥) , k1
a¥ —on) =) ==+ 0@, (BY)

k Nk qpk
b(Y—on):Z( o) 9b (Y)n"+0(ok“). (B5)
0

k! dxk
Using a second order expansion we obtain that in dimension
L

2
Y =a(Y)—ona(Y) + %nza”(Y) + (B(Y) — onb/(Y)

2

+ %r/zb”(Y))u') toi. (B6)
Thus, the expectation is
. EypgXY@+AD-Y@®)IY@)=Y)
lim
At—0 At
o’ 2N 7 2
=a¥)+ TE”(" )a'(Y) +o(o7),
02
=a(¥)+ d" (V) + o(c?), (B7)

where we used that Ey (3 2) = 1. We conclude that at order 2,
a correction has to be added to the drift, but when o is small
this contribution is negligible. In particular, this result shows
that at the first order the additive noise does not influence
the recovery of the vector field and local potential wells. The
energy is thus not affected by this additive noise. Similarly, the
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479 diffusion coefficient is computed from the second moment,

E,g(Y(t + A —Y(@)) | Y1) =)

2AT
= Ly s ot + o
=32 7 A1
+ %02<b/2(Y) 220 m) +0(AN) + 0(0?),
(B8)

a0 The analysis presented here can be generalized to n dimensions
ss1 and does not depend on any a priori information about the PDF
452 of the stochastic process to be estimated.

43 APPENDIX C: DERIVATION OF THE ESTIMATORS FOR A
484 MULTIDIMENSIONAL DIFFUSION PROCESS IN R"

485 To generalize to higher dimensions the results we derived
46 for dimension 1, we start with an m-dimensional stochastic
7 equation that represents a physical process, sampled at discrete
a8 time steps of length Ar:

X1 =X, +AX,)At + V2D Aw, ChH

49 Where A is a vector field and Aw the classical m-dimensional
40 centered Brownian motion of variance 1. The diffusion tensor
491 is assumed to be a constant D. As described by Eq. (10), the
492 observed motion is observed by the time sequences

Yann +U77n7 (C2)

493 Where 7, is an m-dimensional standard Gaussian. The transi-
494 tion probability between points Y, and Y, is

pP(Y i1 :y|Yn:x):/ /]R P(X i :y1|Xn:x1)

Xp(Zny1 =y —y1)
(Z, =x —x))dxdy,

/ / p(Xn+1—y1|Xn—xl)

Jx—xy 12 ly— y1n2
e 22 e

d
* oz oy

495 Using the distribution Xpil] — Xy ™~
6 Nn(A(X,)At,~/2DAtI,), we obtain that the transition
497 probability is

4

©

Iy =k A(mmuz

(«/4nDA Hm

a8 We first integrate with respect to y; and obtain

p(Xn-H - y1|Xn - xl)

p(Yn-H = len = x)

xxg)? _ ly=xy—Awpan?
e 202 e 4DA1+202

B /R (021" 2t 2DAL + 02)

dxl.

PHYSICAL REVIEW E 00, 002100 (2015)

Changing variable x; = x + oy, with o < 1, we obtain that

1012 y—x—on—AGx+onAr?

e—T e 202+2DA1)
p(YnJrl = y|Yn = x) = /
R

di)
W2y \[2m (2D At + 02)
Using a Taylor expansion of the drift at the first order,
A(x + o) = A(x) + o J(x)n + o(0),

where J(x) is the Jacobian matrix of the vector field A at
position x:

2 _ p—x—A@AI=0[Im+J (X)At]n)?
e 2(02+2DAr)

(2m)" \2x2DAL + 02)"

Following the one-dimensional step, from a direct integration
we obtain

pY 1 =ylY,=x)= /
R

p(YnJrl = y|Yn =x)
1

where V@) det T
Y(x) = (6> + 2DANI, + o>B(x)BT (x)

= 0%+ 2DAOI, + > At(J(x) + JT (x)) + O(Ar?)
(C3)

—y—x—AtA@)TE7 () y—x—AtA(x)] ,

and
B(x) =1, + AtJ(x). (C4)

Formula (C3) generalizes to the n-dimensional Euclidean
space the result of Sec. II B for dimension 1.

Estimation of a drift and diffusion tensor

To estimate the apparent drift and diffusion tensor, we
apply analytical expressions for the PDF [formula (C3)]. Using
the formula to characterize the drift at resolution Az [18] at
position x, we get

Y, i1 —-Y,
E[Llyn = x:|

ap(x) At

- Y, =Y, =x)d
Az Rm(y X)p(Yp1 =ylY, =x)dy

_ 1 (y —x)dy
 Qu)m2At Jge Jdet T(x)

o= Sy AA)—xITE )Ly - ArA ) —x]

X

Using the change of variable v = y — ArA(X) — x we obtain

1 1
an(®) = Rm[” + AtA(x)]m
x o1V ZT @ gy
= A(x) + o(A1). ©5)

This approximation is valid to second order in o (see
Appendix B). Similarly in the isotropic case, the diffusion
coefficient at position x can be recovered from the second
order moment approximation

Dp(x) = E Mwn —x| (C6)
2mAt
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Thus, using the PDF formula (C3), we get

D (x)

2mAt

2
AL (Tr(%(x)) + O(Ar7)).

Using Eq. (C3), we have

f [v+ AtA@)] [v+ AtA(x)]
Rm

v+ At(A@)T + A@x)) + A2 A(x)T A(x))

PHYSICAL REVIEW E 00, 002100 (2015)

Tr(X(x)) = m(20? + 2D At) + 26> ArTe(J (x)) + O(Ar>).

Finally,
2

o o° .
Dp(x) =D+ — 4+ —div(A) + O(Ar),
At m

where by definition, in local coordinates div(A) = Y i~ %
by
ij (Yn+1 - Yn)i(Yn-H - Yn)j
Dl (x)=E
) [ 2At
1 . )
= 5A7 Rm[v + AtAX)]'[v + ArtA(x))/
2 2

=DV + 25, + T (I + IT@) + 0(AD.
At 2

1 ef%v"‘E(x)“vdv
Q)" det X(x)
1 —%vT):(x)’lvdv
VQ2m)y" det X(x)
(&)
(C8)
2
(C9)

. In general, the diffusion tensor can be approximated at order Az

Ynzx]

1
VQ2m)y" det X(x)

_ LT -1
>V X(x) vdv

(C10)

[1] Z. Schuss, Diffusion and Stochastic Processes: An Analytical
Approach (Springer, New York, 2010).

[2] N. Hoze, D. Nair, E. Hosy, C. Sieben, S. Manley, A. Herrmann,
J. B. Sibarita, D. Choquet, and D. Holcman, Proc. Natl. Acad.
Sci. USA 109, 17052 (2012).

[3] N. Hoze and D. Holecman, Biophys. J. 107, 3008 (2014).

[4] M. J. Saxton and K. Jacobson, Annu. Rev. Biophys. Biomol.
Struct. 26, 373 (1997).

[5] M. J. Saxton, Nat. Methods 5, 671 (2008).

[6] D. Arcizet, B. Meier, E. Sackmann, J. O. Radler, and
D. Heinrich, Phys. Rev. Lett. 101, 248103 (2008).

[7] A.Nandi, D. Heinrich, and B. Lindner, Phys. Rev. E 86, 021926
(2012).

[8] A. Kusumi, Y. Sako, and M. Yamamoto, Biophys. J. 65, 2021
(1993).

[9] B. Meier, A. Zielinski, C. Weber, D. Arcizet, S. Youssef, T.
Franosch, J. O. Radler, and D. Heinrich, Proc. Natl. Acad. Sci.
USA 108, 11417 (2011).

[10] D. Arcizet, S. Capito, M. Gorelashvili, C. Leonhard, M. Vollmer,
S. Youssef, S. Rappl, and D. Heinrich, Soft Matter 8, 1473
(2012).

[11] M. Gorelashvili, M. Emmert, K. Hodeck, and D. Heinrich, New
J. Phys. 16, 075012 (2014).

[12] D. Holecman, Commun. Integr. Biol. 6, €23893 (2013).

[13] D. Holcman, N. Hoze, and Z. Schuss, Biophys. J. 109, 1
(2015)

[14] D. Holcman, N. Hoze, and Z. Schuss, Phys. Rev. E 84, 021906
(2011).

[15] A.J. Berglund, Phys. Rev. E 82, 011917 (2010).

[16] C.L. Vestergaard, P. C. Blainey, and H. Flyvbjerg, Phys. Rev. E
89, 022726 (2014).

[17] R. E. Thompson, D. R. Larson, and W. W. Webb, Biophys. J.
82, 2775 (2002).

[18] Z. Schuss, Nonlinear Filtering and Optimal Phase Tracking
(Springer, New York, 2012).

[19] Z. Schuss, Theory and Applications of Stochastic Differential
Equations (Wiley, New York, 1980).

[20] S. Manley, J. M. Gillette, G. H. Patterson, H. Shroff, H. F.
Hess, E. Betzig, and J. Lippincott-Schwartz, Nat. Methods 5,
155 (2008).

[21] S. Karlin and H. M. Taylor, A Second Course on Stochastic
Processes (Academic Press, New York, 1981).

002100-11


http://dx.doi.org/10.1073/pnas.1204589109
http://dx.doi.org/10.1073/pnas.1204589109
http://dx.doi.org/10.1073/pnas.1204589109
http://dx.doi.org/10.1073/pnas.1204589109
http://dx.doi.org/10.1016/j.bpj.2014.10.018
http://dx.doi.org/10.1016/j.bpj.2014.10.018
http://dx.doi.org/10.1016/j.bpj.2014.10.018
http://dx.doi.org/10.1016/j.bpj.2014.10.018
http://dx.doi.org/10.1146/annurev.biophys.26.1.373
http://dx.doi.org/10.1146/annurev.biophys.26.1.373
http://dx.doi.org/10.1146/annurev.biophys.26.1.373
http://dx.doi.org/10.1146/annurev.biophys.26.1.373
http://dx.doi.org/10.1038/nmeth0808-671
http://dx.doi.org/10.1038/nmeth0808-671
http://dx.doi.org/10.1038/nmeth0808-671
http://dx.doi.org/10.1038/nmeth0808-671
http://dx.doi.org/10.1103/PhysRevLett.101.248103
http://dx.doi.org/10.1103/PhysRevLett.101.248103
http://dx.doi.org/10.1103/PhysRevLett.101.248103
http://dx.doi.org/10.1103/PhysRevLett.101.248103
http://dx.doi.org/10.1103/PhysRevE.86.021926
http://dx.doi.org/10.1103/PhysRevE.86.021926
http://dx.doi.org/10.1103/PhysRevE.86.021926
http://dx.doi.org/10.1103/PhysRevE.86.021926
http://dx.doi.org/10.1016/S0006-3495(93)81253-0
http://dx.doi.org/10.1016/S0006-3495(93)81253-0
http://dx.doi.org/10.1016/S0006-3495(93)81253-0
http://dx.doi.org/10.1016/S0006-3495(93)81253-0
http://dx.doi.org/10.1073/pnas.1014853108
http://dx.doi.org/10.1073/pnas.1014853108
http://dx.doi.org/10.1073/pnas.1014853108
http://dx.doi.org/10.1073/pnas.1014853108
http://dx.doi.org/10.1039/C1SM05615H
http://dx.doi.org/10.1039/C1SM05615H
http://dx.doi.org/10.1039/C1SM05615H
http://dx.doi.org/10.1039/C1SM05615H
http://dx.doi.org/10.1088/1367-2630/16/7/075012
http://dx.doi.org/10.1088/1367-2630/16/7/075012
http://dx.doi.org/10.1088/1367-2630/16/7/075012
http://dx.doi.org/10.1088/1367-2630/16/7/075012
http://dx.doi.org/10.4161/cib.23893
http://dx.doi.org/10.4161/cib.23893
http://dx.doi.org/10.4161/cib.23893
http://dx.doi.org/10.4161/cib.23893
http://dx.doi.org/10.1103/PhysRevE.84.021906
http://dx.doi.org/10.1103/PhysRevE.84.021906
http://dx.doi.org/10.1103/PhysRevE.84.021906
http://dx.doi.org/10.1103/PhysRevE.84.021906
http://dx.doi.org/10.1103/PhysRevE.82.011917
http://dx.doi.org/10.1103/PhysRevE.82.011917
http://dx.doi.org/10.1103/PhysRevE.82.011917
http://dx.doi.org/10.1103/PhysRevE.82.011917
http://dx.doi.org/10.1103/PhysRevE.89.022726
http://dx.doi.org/10.1103/PhysRevE.89.022726
http://dx.doi.org/10.1103/PhysRevE.89.022726
http://dx.doi.org/10.1103/PhysRevE.89.022726
http://dx.doi.org/10.1016/S0006-3495(02)75618-X
http://dx.doi.org/10.1016/S0006-3495(02)75618-X
http://dx.doi.org/10.1016/S0006-3495(02)75618-X
http://dx.doi.org/10.1016/S0006-3495(02)75618-X
http://dx.doi.org/10.1038/nmeth.1176
http://dx.doi.org/10.1038/nmeth.1176
http://dx.doi.org/10.1038/nmeth.1176
http://dx.doi.org/10.1038/nmeth.1176
holcman
Sticky Note
Volume 109, Issue 9, p1761–1771, 3 November 2015 

DOI: http://dx.doi.org/10.1016/j.bpj.2015.09.003




