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OSCILLATORY SURVIVAL PROBABILITY AND EIGENVALUES OF
THE NON-SELF-ADJOINT FOKKER-PLANCK OPERATOR*

D. HOLCMAN' AND Z. SCHUSS#

Abstract. We demonstrate the oscillatory decay of the survival probability of the stochastic
dynamics dxe = a(z:) dt ++/2¢ b(x. ) dw, which is activated by small noise over the boundary of the
domain of attraction D of a stable focus of the drift a(x). The boundary 9D of the domain is an
unstable limit cycle of a(x). The oscillations are explained by a singular perturbation expansion of

the spectrum of the Dirichlet problem for the non-self-adjoint Fokker—Planck operator in D L.u(x) =
20 i i

52?,]':1 W - W = —Xeu(z), with o(z) = b(x)b” (x). We calculate the

leading-order asymptotic expansion of all eigenvalues A: for small e. The principal eigenvalue is

known to decay exponentially fast as ¢ — 0. We find that for small € the higher-order eigenvalues
are given by A n = nwi +miwa+O0(e) forn =1,2,..., m = +£1,..., where wi and wa are explicitly
computed constants. We also find the asymptotic structure of the eigenfunctions of L. and of its
adjoint L. We illustrate the oscillatory decay with a model of synaptic depression of neuronal
networks in neurobiology.
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1. Introduction. The stochastic dynamics in R?,
(1.1) dx.(t) = a(z.(t)) dt + V2 b(z(t)) dw(t),

where w(t) is Brownian motion, serves as a model for a variety of physical, chemical,
biological, and engineering diffusion processes. The case of an isotropic constant
diffusion matrix b(x), e.g., I, and a conservative drift field a(zx) that is a gradient of
a potential is often the overdamped (Smoluchowski) limit of the Langevin equation.
When the potential forms a well, the exit problem is to evaluate the probability density
function (pdf) of the first passage time of the trajectories x.(t) of (1.1) from any point
in the well to its boundary and to evaluate its functionals in the small noise limit ¢ — 0.
This problem, which represents thermal activation over a potential barrier, has been
extensively studied in the past 70 years and is well understood. However, in damped
systems, such as the Langevin equation, the drift field is not conservative. This is also
the case of phase tracking and synchronization loops in radar and communications
theory and other important engineering applications (Schuss (2010, sections 8.4 and
8.5 and Chapter 10), Schuss (2012)). In these models the nonconservative drift field
a(x) may have a stable focus with a domain of attraction D. The exit problem is then
much more complicated than in the conservative case. In some models of neuronal
activity (Holcman and Tsodyks (2006)), the drift field a(x) has a stable focus with
a domain of attraction D, whose boundary 9D is an unstable limit cycle of the drift
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(see Figure 1). Experimental data and Brownian dynamics simulations of this model
indicate oscillatory decay in time of the survival probability in this model, which needs
to be resolved analytically. In the nonconservative cases the principal eigenvalue and
eigenvector of the Fokker—Planck operator corresponding to (1.1) are real, while those
of higher order are complex-valued, which may cause oscillations in the pdf of the first
passage time 7. Although in the small noise limit the principal eigenvalue A\g and the
mean first passage time 7 are related asymptotically by

1
(1.2) Ao~ — fore < 1,
T

and the stationary (and quasi-stationary) exit point density on 9D is the normalized
flux of the principal eigenfunction ug(y) of the Fokker—Planck operator, higher-order
eigenvalues and eigenfunctions can cause discernible oscillations in the survival prob-
ability of @.(t) in D. This, as well as other problems, raises the question of where
the spectrum of the Fokker—Planck non-self-adjoint elliptic operator is and how it
depends on the structure of the dynamics such as the drift.

The Dirichlet problem for elliptic operators of the form

(1.3) Lu(xz) =eco(x)V - Vu(z) + a(x) - Vu(x)

in bounded domains with sufficiently regular boundaries is self-adjoint when a(x)
is a gradient, e.g., when a(x) = 0. The eigenvalues of L in this case were com-
puted explicitly for simple geometries, such as the sphere, cube, projective sphere,
and other analytical manifolds (Chavel (1984)). The asymptotic behavior of high-
order eigenvalues (for a(x) = 0) is known from Weyl’s theorem (Weyl (1916)). This
is not the case, however, for non-self-adjoint operators. The Krein-Rutman theorem
(Krein and Rutman (1948)) asserts that the principal eigenvalue is simple and posi-
tive. More recent attempts at characterizing the spectrum can be found inter alia in
Trefethen (1997), Davies (2002), and Sjostrand (2009). Stochastic approaches based
on the large deviation principle are summarized in Freidlin and Wentzell (2012).

The Fokker—Planck Dirichlet problem at hand is a singularly perturbed bound-
ary value problem with a non-self-adjoint operator, and the reciprocal of the principal
eigenvalue is asymptotically the mean first passage time to the boundary of the domain
of a diffusion process, which can be evaluated asymptotically in the small noise limit
(Schuss (1980), Schuss (2010)) (see early attempts in Devinatz and Friedman (1977)
and references therein). This expansion represents the result of nearly 50 years of
collective effort in deriving a refined asymptotic expansion based on the WKB ap-
proximation and matched asymptotics theory. Not much, however, is known about
higher-order eigenvalues.

In the current paper we consider the noisy dynamics (1.1) confined in a domain D,
as shown in Figures 1 and 2. We demonstrate that for small driving noise the decay of
the survival probability of a random trajectory in D is oscillatory, due to the complex
eigenvalues of the non-self-adjoint Dirichlet problem (1.3) in D. More specifically, the
drift field a(x) is assumed to have a stable focus in D, whose boundary 9D is an
unstable limit cycle of a(x). To state the main results, we use the following notation:
s is arclength on 9D = {x(s) : 0 < s < S}, measured clockwise, n(x) is the unit
outer normal at € D, B(s) = |a(z(s))|, and o(s) = n(x(s))To(x(s))n(z(s)). The
function £(s) is defined in (3.11) below.

Our main result for higher-order eigenvalues is the asymptotic expression

(1.4) Amn =nwi +mwei+0(€), n=1,..., m=+1,£2,...,
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where the frequencies w; and wy are defined as

s 2
wo o(s)&2(s) 27
1. = — _— e —
(1.5) w1 27r/0 B(s) ds and  wo R
0 B(s)

which is found by studying the boundary layer near the limit cycle, where the spectrum
is hiding (see section 4). The leading-order asymptotic expansion of the principal
eigenvalue )¢ for small ¢ is related to the mean first passage time by (1.2), whose
asymptotic structure was found in Matkowsky and Schuss (1982) and Schuss (2010).
Section 3 contains a new refinement of the WKB analysis that is used in section 5 to
demonstrate the oscillations in the survival probability and in the exit density. This
result resolves the origin of the non-Poissonian nature of many phenomena, such as
the times neurons stay depolarized in population dynamics (see discussion).

2. The survival probability and the eigenvalue problem. The exit time
distribution can be expressed in terms of the transition pdf p.(y,t|x) of the trajecto-
ries . (t) from & € D toy € D in time t. The pdf is the solution of the Fokker-Planck
equation (FPE)

Ipe(y,t|x)
ot
pe(y,t|x) =0 forxedD, ye D, t>0,

p(y,0|z) =6(y —x) forx,yc D,

=Lyp(y,t|xz) forx,yc D,

where o (z) = b(z)b” (x). The FokkerPlanck operator L,, is given by

.y El @ 26%‘ u(y)]
(2.1) L”“(y)_i; aylayj g :

and its adjoint is defined by
2

2
* _ ’Lj
(2.2) va(w)_;z o Max] Z M :

i,j=1 i=1

The non-self-adjoint operators L, and L, with homogeneous Dirichlet boundary
conditions have the same eigenvalues A, ,,, because the equations are real and the
eigenfunctions uy, m,(y) of Ly and vy, ., (x) of L} are bases that are biorthonormal in
the complex Hilbert space such that

(2.3) / Onom (Y) Lytin,m(y) dy = / ﬁn)m(y)L;;Un,m(y) dy = 6pm-
D D
The solution of the FPE can be expanded as

(24) Pa(y, t | m) = e_)\OtUO(y)UO(m) + Z e_An’Mtun,m(y)ﬁn,m(m)a

where )\ is the real-valued principal eigenvalue and ug, vg are the corresponding pos-
itive eigenfunctions, that is, solutions of Lg(ug) = —Aouo and Ly (vg) = —Aovo,
respectively. The conditional pdf of the exit point y € 9D and the exit time 7 is
given by

(y,tlw) v(y)

@5) Priz(n) =y,7 =tl20) =2} = e o V() a5,
op 7\Y Y
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where the flux density vector is given by

Y)pe(y.t|z)]
3yﬂ

J'(y,t|z) =d" (y)p:(y,t| ) —62

o _ 3“0 _ aun m
26)  —-eYohw) W Q) ) 1 3 e Ll )
= n,m

Here v(y) is the unit outer normal vector at the boundary point y. Note that due to
the homogeneous Dirichlet boundary condition the undifferentiated terms drop from
(2.6). Equation (2.5) can be understood as follows. The normal component of the
flux density vector at time ¢ at the point y € 0D is the joint probability of trajectories
surviving in D by time ¢ and being absorbed in a unit surface element y + dSy, at
time ¢. The denominator in (2.5) is the absorption flux in 0D at this time. It follows
that the normalized flux is the conditional probability of surviving up to time ¢t and
being absorbed in the surface element y + dS, at time ¢.

The survival probability of . (t) in D, averaged with respect to a uniform initial
distribution, is given in terms of the transition pdf p.(y,t|x) of the trajectories @, (t)
as

1 1
Prourvival (t) = ﬁ/ Pr{r > t|a}dx = m /D /ng(y,t | ) dy dx

(2.7) *A°t+z |j;|m /Dun,m(y)dy/Dﬁmm(w)dw-

The pdf of the escape time is given by

d
——P surviva t
g Teural(t)

=\ e‘AOt—FZi/\mme_)\th/ U (y)dy/ Up.m () d
0 ~ |D| b n,m 5 n,m .

3. Asymptotic expansion of the principal eigenvalue. This section sum-
marizes Schuss (2010, section 10.2.6), which presents the asymptotic method for the
case of the principal eigenvalue and the associated eigenfunctions ug(x) and vo(x).
This method is the basis for the construction of the asymptotic expansion of all higher-
order eigenvalues and eigenfunctions of the problem at hand. It is presented here for
completeness.

3.1. The field a(z). The local geometry of D near 9D can be described as
follows. We denote by @’ the orthogonal projection of a point & € D near the
boundary. The signed distance to the boundary,

(2.8) Pr{r =t} =

—|lex —a'| for xeD,
plx) = e —a'| for x¢ D,
0 for x € 0D,

defines n(x) = Vp(x) as the unit outer normal at € dD. Similarly, the arclength on
the boundary, measured counterclockwise from a given boundary point to the point
x’, defines s(x) for « € D near the boundary and defines Vs(x) as the unit tangent
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FiG. 1. The field a(x) = [y, —x — y(1 — 22 — y*)]T has a stable focus at the origin, and the
boundary of the domain D is a limit cycle.

vector at & € 9D. Thus the transformation @ — (p, s), where p = p(x), s = s(x), is
a 1-1 smooth map of a strip near the boundary onto the strip |p| < po, 0 < s < S,
where pg > 0 and S is the arclength of the boundary. The transformation is given by
x = + pVp(x'), where o’ is a function of s. The local representation of the field
a(x) in the boundary strip is assumed to be

(3.1) a(p,s) = [a’(s)pVp+ B(s)Vs] [L +o(1)] for p— 0;
that is, the tangential component of the field at 9D is
(3.2) B(s) =a(0,s) - Vs = |a(x(s))| > 0,

and the normal derivative of the normal component is a’(s) > 0 for all 0 < s < S.
The decomposition (3.1) for the field a(p, s) in Figure 1 is given by a°(s) = 2sin®s,
B(s) = 1.

3.2. The WKB structure of the principal eigenfunction.

3.2.1. The eikonal equation. We begin with the construction of the asymp-

totic approximation of the principal eigenfunction, now denoted u(y). According to
Schuss (2010, section 10.2.6), it has the WKB structure

),

3.3) uly) = Ke(y)expf -1

where the eikonal function 1(y) is solution of the Hamilton—Jacobi (eikonal) equation

(3.4) a(y)Vi(y) - Vi(y) +aly) - Vi(y) =0,

which is obtained by substituting (3.3) in (1.3) and comparing to zero the leading
term in the expansion of the resulting equation in powers of ¢ (Matkowsky and Schuss
(1977), Schuss (1980), Matkowsky and Schuss (1982)). An interpretation of the eikonal
function v (y) in terms of the calculus of variations is given in large deviations theory
(Freidlin and Wentzell (2012)).
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The solution ¢ (x) of the eikonal equation (3.4) near the origin (the focus) is given
by

1
(3.5) P(x) = iscTQw +o(jz|*) forx —0
with @ the solution of the Riccati equation

(3.6) 2Q0(0)Q + QA+ ATQ =0,

where () is the solution of the eikonal equation (3.4). The eikonal function (x)
is constant on 0D with the local expansion

(3.7) V(o) = b+ 3776(5) + o(p?) for p =0,

where ¢(s) is the S-periodic solution of the Bernoulli equation

(38) o(5)67(5) + a%(5)(s) + 5 B(s)6/(5) = 0

and where o(s) = 0(0,5)Vp(0,s) - Vp(0,s). We may assume that for isotropic dif-
fusion o(s) = 1. Thus, for the dynamics in Figure 1, the value of the constant @[AJ is
calculated by integrating the characteristic equations for the eikonal equation (3.4)
(Schuss (2010)).

To prove (3.7), we note that ¥ (y) is constant on the boundary, because in local
coordinates on 9D (3.4) can be written as

oY(0, s)

(3.9) [V4(0,5)] a(0,5)V(0, 5) + B(s) s

=0.

To be well defined on the boundary, the function (0, s) must be periodic in s with
period S. However, (3.9) implies that the derivative 09 (0, s)/0s does not change sign,
because B(s) > 0 and the matrix (0, s) is positive definite. Thus we must have

(3.10) ¥(0,5) = const. =, Vp(0,s) =0 forall0<s<S.
It follows that near 0D the following expansion holds:

2
b(p,s) =1+ %pgw +o(p®) asp—0.
P
Setting ¢(s) = 9%(0, s)/0p? and using (3.1) and (3.7) in (3.4), we see that ¢(s) must
be the S-periodic solution of the Bernoulli equation (3.8) and o(s) = o(0,s)Vp(0, s) -
Vp(0,s). Writing £(s) = /—@(s) in (3.8), we see that £y(s) is the S-periodic solution
of the Bernoulli equation

(3.11) B(s)&(s) + a’(s)&(s) — o ()& (s) = 0.

These functions are discussed further in section 3.3.
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3.2.2. The transport equation. The function K¢(y) is a regular function of €
for y € D, but has to develop a boundary layer to satisfy the homogeneous Dirichlet
boundary condition

(3.12) Ke(y) =0 foryeoD.
Therefore K¢ (y) is further decomposed into the product

(3.13) Ke(y) = [Ko(y) +eKi(y) +---Jge(y),

where Koy(y), Ki1(y),... are regular functions in D and on its boundary and are
independent of &, and ¢ (y) is a boundary layer function. As in the case of the eikonal
equation ¢ (y), the functions K;(y) (j = 0,1,...) are solutions of first-order linear
transport equations derived by substituting (3.3) in (1.3), expanding the resulting
equation in powers of £, and equating to zero their coefficients (Matkowsky and Schuss
(1977), Schuss (1980)). These functions cannot satisfy the boundary condition (3.12),
because they are solutions of first-order equations. Thus Ky(y) has to be found by
integrating a transport equation along characteristics. Consequently, a boundary layer
function ¢.(y) is needed to make (3.13) satisfy the homogeneous Dirichlet boundary
condition.
The boundary layer function ge(y) has to satisfy the boundary condition

(3.14) g-(y) =0 fory e dD,

the matching condition

(3.15) limg.(y) =1 forally e D,
e—0

and the smoothness condition

im ai(k (y)
o B

(3.16) =0 forallye D, i>1,1<j<2
First, we derive the transport equation for the leading term Ky(y). The function
Ke(y), which satisfies the transport equation

-y P w)Kely)
= OyioyJ
7,j=1
2 d

-y 2;(;@]‘@)—5;;5’)%‘@) e

2

(3.17) —

i 2 1,7
daly) | - {0“ () 20W) | 0T W WL g (g

ptl Bt dy' Oy Oyl Oy

cannot have an internal layer at the global attractor point 0 in D, because stretching
y = /€ and taking the limit ¢ — 0 converts the transport equation (3.17) to

4 920%1(0) Ko(€)
——— 2 (2AQ + A)E - VKo (€)
2 e o

—tr(A+0(0)Q) Ko(§) =0,
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whose bounded solution is Ky(y) = const., because tr (A 4+ o(0)Q) = 0. The last
equality follows from the Riccati equation (3.6) (left multiply by Q' and take the
trace).

In view of (3.13)—(3.16), we obtain in the limit ¢ — 0 the transport equation

d d
(3.18) Z QZU” 8yﬂ)+ai(y) 3%;;4)
~ i Ut | 07 ) i)
;{ Z[ WW T2 00 oy } Ko(y)-

Because the characteristics diverge, the initial value on each characteristic of the
eikonal equation (3.4) is given at y = 0 as Ky(0) = const. (e.g., const. = 1).

Note that using (3.1) and (3.4), the field in the transport equation (3.17) can be
written in local coordinates near the boundary as

20 (y)Vib(y) + aly) =200, )V (0, ) + a(0,s) + op)
(3.19) = 0 [26()0 (0, $)Vp(0, 5) + a*(5)Vp(0, 5)] + o(p),

and the transport equation for Ky(y) can be written on 9D as the linear equation
(which corrects equation (10.125) in Schuss (2010))

dKy(0
(3.20) B(s)% + [a%(s) + a(s)p(s) + B'(s)]Ko(0,8) = 0.
Using the relations (3.48) below, we obtain the solution
_ —9(s)
(3.21) Ko(0,s) = KOTS)a

where Ky = const. (e.g., Ko =1).

3.2.3. The boundary layer equation for g¢ (). To derive the boundary layer
equation, we introduce the stretched variable ¢ = p/+/e and define ¢e () = Q(C, s, €).
Expanding all functions in (3.3) in powers of € and

(3.22) Q(C,5,6) ~ Q¢ 8) + vVEQN (¢, 8) + -+,
and using (3.19), we obtain the boundary layer equation
52 0 , o 0 , o 0 ,
(3.23) U(s)% — ¢ [a®(s) + 20(s)o(s)] % - B(s)% =0.
The boundary and matching conditions (3.14), (3.15) imply that
(3.24) Q°(0,5) =0, Jim Q%(¢,s) =1.

To solve (3.23), (3.24), we set = £(s)¢, Q°((, s) = Q°(n, s) and rewrite (3.23) as

2 0Q) T o BOEE)] 0Q0.s)
() (5) g = a”(s) + 20(s)6(s) + =g | g

(3.25) - B(s)% —0.
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Choosing £(s) to be the S-periodic solution of the Bernoulli equation (3.8), the bound-
ary value and matching problem (3.23), (3.24) becomes

?Q°(n, s) N 0Q°(n, s) B(s) 0Q°n,s)

(3.26) or "oy emer  os "
(3.27) QO(Ov s) =0, nglzl QO(% s) =1,

which has the s-independent solution

(3.28) QO(T],S) = —\/g/o77 e 2/2 dz,

that is,

§(s)¢
(3.29) Q¢ s) = —\/g/ e =% 4z
0

The uniform expansion of the first eigenfunction is constructed by putting together
(3.3), (3.13), (3.22), and (3.29) to obtain that

—p(@)E(s(y))
30w =ew{ - k) owal 2 [T et

where O(y/2) is uniform in y € D.
Because n = £(s)¢ = &(s)p/v/e, (3.7) and (3.48) near the boundary give

p*€%(s)
2

so the eigenfunction (3.30) near the limit cycle has the form

(3.32)  wug(y) ~ exp {—g} exp {_77_22} [Ko(y) + O(Ve)] \/%/0_77 e 22 4.

The function ug(y) is defined up to a multiplicative constant.
The eigenfunction expansion (2.4) and the expansion (3.30) of the principal eigen-
functions of the operator and its adjoint, respectively, give the probability flux density

(3.31) b(p,s) =1 — +0(p?),

2 N
(3.33) T vlop(s,t) ~ e Mt/ fKo(o, s)E(s)o(s)e P/ + ..
hence, for y € 0D, which corresponds to p = 0 and arclength s,
Pri{z(r) =y,7 =t|®(0) = =}
Ko(O, 5)5(3)0(5) + e(AO_)\n'm)tun,m(y)vn,m(w) +o

(3.34) = — .
Jo Ko(0,8)&(s)a(s) ds + ePo=rnm)buy, o () () + - -+

Using (3.32) at n = 0 and (3.21), we recover in the limit ¢ — oo the exit density at
y = (0, s) as (Schuss (2010))

£2(s)a(s)

B(s)
(3.35) Pr{z(t) =y|x} ~ <SS
&2 (s)a(s)
Jo B(s) ds

which to leading order is independent of @ outside a boundary layer of width +/e.
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3.2.4. The first eigenfunction of the adjoint problem. The first eigenfunc-
tion vg(x) of the backward operator L does not have the WKB structure (3.3), but
rather converges to a constant as ¢ — 0, at every & € D outside the boundary layer.
Thus it is merely the boundary layer ¢=(y). Expanding as in section 3.2.3, we obtain
the boundary value and matching problem

(3.36) 0(5)% + Cao(s)%f’s) + B(S)% -0,
(3.37) Q°(0,s) =0, Jim QUC.s) = 1.

The scaling n = £(s)n, with £(s) the solution of (3.11), converts (3.36), (3.37) to

32Q°(n,8)+ 8Q0(0,8)+ B(s) 0Q°n,s)

(3.38) g T o Teawmes oV
(3.39) Q0,5 =0,  lim Q(n,5) =1,

where Q°(1,s) = Q°(¢,s). Using the solution of the Bernoulli equation (3.48), we
obtain the s-independent solution (3.28) and hence (3.29), which is the uniform ap-
proximation to vo(y). We conclude that

(3.40) tnly) = Ceent ()

where C; depends on the normalization. Thus

(3.41) wlw) ~ xp { 22} (o) + OV o)

which in the boundary layer coordinates has the form

2

(3.2 wly) ~ exp { =1} [Kow) + OB wn(w).

3.3. The principal eigenvalue A\ and the mean first passage time. The
asymptotic expansion of the mean first passage time 7(x) from @ € D to the bound-
ary is the solution of the Pontryagin—Andronov—Vitt boundary value problem (see
Matkowsky and Schuss (1982), Schuss (2010, section 10.2.8))

(3.43) L*7(x) = —1 foraxe D,
(3.44) 7(x) =0 for ¢ € OD.

It is known to be independent of « outside the boundary layer in the sense that

. T(x)
7o) "
where
_ 73/2,/2e detQ { ¥ }
3.45 T 0 ~N ——————— X —_ .
(3.4) © 7 Ko(s)E(s) ds P1e
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The function Ko(s), given by

where £(s) is the S-periodic solution of the Bernoulli equation

(3.47) a(8)€3(s) + [a®(s) + 20 (s)¢(s)]&(s) + B(s)E'(s) =0,

is defined up to a multiplicative constant that can be chosen to be 1. The solutions
of the three Bernoulli equations ¢(s) of (3.8), &(s) of (3.47), and &(s) of (3.11) are
related to each other as follows (see Schuss (2010, sections 10.2.6 and 10.2.8)):

(3.48) §o(s) = v/ =(s) = &(s).

The mean first passage time from = € D to the boundary is also given by (Schuss
(2010))

T(:B):/OootPr{T:ﬂw}dt:/OOOPr{T>t|:B}:/OOO/DpE(y,Hw)dtdy

(3.49) = )\iovo(w) + Z Onm (@) /D Un,m(y) dy.

/\n7m

If x is outside the boundary layer, then vo(x) ~ 1, as shown above, and [}, wn,m (y) dy ~
0 by biorthogonality. Therefore

(3.50) @) = )\iovg(w)(l +o(1)) fore< 1.

The principal eigenvalue )\ introduced in (1.2) is thus given more precisely by the
asymptotic relation

1
51 ~—— f 1
(35 ) /\0 77_(0) or e < 1,

and in view of (3.45), A\¢ decreases exponentially fast as ¢ — 0.

4. Higher-order eigenvalues. The asymptotic expansion of higher-order eigen-
functions is constructed by the method used above to derive that of the principal
eigenfunctions. First, we consider higher-order eigenfunctions of the adjoint problem,
which leads to the boundary layer equation and matching conditions

52620(7778) 3620(7775) B(S) 3620(7775) _ A 0 s
WO T ey e o eem e )
(42) QO(Ov 5) =0, nBIPoo QO(TL 5) =0.

Separating Q°(1, s) = R(n)T(s), we obtain for the even function R(n) the eigenvalue
problem

(4.3) R"(n) +nR'(n) + pR(n) =0, R(0)=0, lim R(n) =0,

n——00
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where p is the separation constant. The large n asymptotics of R(n) is R(n) ~
exp{—n?/2}, so the substitution R(n) = exp{—n?/4}W(n) converts (4.3) to the
parabolic cylinder function eigenvalue problem

) Wt (e )W) =0, WO =0, T W) =0,

The eigenvalues of the problem (4.4) are p,, = 2n (n = 1,2, ...) with the eigenfunctions

Wan41(n) = exp {—%2} Hon s (%) ;

where Ho,11(x) are the Hermite polynomials of odd orders (Abramowitz and Stegun
(1972)). Thus the radial eigenfunctions are

(4.5) Ry(n) = exp {—%2} Wani1(n) = exp {—%2} Hpia (%) -

The associated function T'(s) (normalized to one) is the S-periodic solution of

B(s 0T (s A
(46) T+ e e = e
given by
S SI s o SI 2 S/
(4.7) T, (s) :exp{—)\/o Bd(s,) +2n/0 %M}.

We therefore introduce the period and angular frequency of rotation of the drift about
the boundary which are, respectively,

S ds 2
T—/O B(S/), OJ—?

Thus S-periodicity implies the relation

s s 2

ds a(5)&2(s) .
4.8 —)\/ + Zn/ —2— " ds = 2mmi
) o BE ")y "B
for m = £1,£2,.... It follows that for n = 1,... the eigenvalues are

s 2
n 7 o(s)E(s) ,

4. Amon = | — ———2d ,
(4.9) , [77/0 B(s) s+mi|w

and the rotational eigenfunctions are

s s S o(s' 2 s
(4.10) Tinon(s) = exp{—/\m,n ; % + Zn/o %ds’}.

The eigenfunctions Q. (1, 5) = Ry (17)Tj.n(s) are given by

(4.11)
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Thus the expressions (3.51), (3.45), and (4.9) define the spectrum as

(4.12) Sp(L) = { Xo(1 4+ O(e)), U Amn(1+0(€))
n>0,m==41,£2,...

As in (3.41), the forward eigenfunctions uy ., (y) are related to the backward eigen-
functions vy (y) = Qmn(n, ) by

(4.13) ) ~ 0 { = P2 [Kay) + OB 0,

where, in the initial variable,

[p(y)€2(z(y))12 } Hopes <p(y)€(8(y))>

V2e
W s W ()
Xexp{—mzw/o B(s’)+2n/0 st ,

which in the boundary layer coordinates has the form

ot =2

2

(114) ) ~ 0 { =" [oly) + OB 0w,

With the proper normalization the eigenfunctions {u, ,(y)} and {v,m(y)} form a
biorthonormal system.

5. Applications. The asymptotic theory of section 4 applies to a well-known
model in neurophysiology, proposed in Holcman and Tsodyks (2006). In the absence
of sensory stimuli the cerebral cortex is continuously active. An example of this spon-
taneous activity is the phenomenon of voltage transitions between two distinct levels,
called Up- and Down-states, observed simultaneously when recoding from many neu-
rons (Anderson et al. (2000), Cossart, Aronov, and Yuste (2003)). The mathematical
model proposed in Holeman and Tsodyks (2006) for cortical dynamics that exhibits
spontaneous transitions between Up- and Down-states is given by the stochastic dy-
namics

11—z
ty

jj:

—Uz(y—-T)H(y - T),

(5.1)

. y  xUwr o .

y=——+———-T)H(y T)+\/;w7
where x is a dimensionless synaptic depression parameter, y is the membrane voltage,
U and t, are the utilization parameter and recovery time constant, respectively, wr
is synaptic strength, 7 is a voltage time scale, o is the noise amplitude, H(-) is the
Heaviside unit step function, and w is standard Gaussian white noise. The model (5.1)
predicts that in a certain range of parameters the noiseless dynamics (when o = 0)
has two basins of attractions: one around a focus, which corresponds to an Up-state,
and a second, that of a stable equilibrium state, which corresponds to a Down-state.
The basins of attraction are separated by an unstable limit cycle.
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6001

6=0.0018 mV
MFPT=246s

y (mV)

Histogram

0 0.1 02 0.3 04 0.5 06
Depression x

1 Distribution of exit time (s) 3

F1G. 2. The phase-plane dynamics of (5.1), restricted to the Up-state. (a) The unstable limit
cycle C (dashed line) and simulated trajectories (shown in blue online). The parameters are T =
0.05 sec, tr = 0.8 sec, U = 0.5, wr = 12.6 mV/Hz, T = 2.0mV . (b) Histogram of exit times and its
approzimation by the first two terms of the expansion (2.8) (marked in red online).

Figure 2(a) shows trajectories of (5.1) that rotate several times around the focus
before exiting the domain of attraction of the focus. Figure 2(b) shows that the
histogram of exit times oscillates with multiple peaks, as predicted by the theory
presented in section 4. The approximation of the histogram of exit times (2.8) by the
sum of the first two exponentials is

(5.2) f(t) = Aexp(—Aot) + Bexp(—Ait) cos(wt + @),

where \g = 7~ = 1/2.46 (computed empirically), \; = 2.5, and the frequency is that
of the focus (the imaginary part of the Jacobian at the focus) w = 10.4. The other
parameters are A = 470, B = 600, and ¢ = 1.4 (obtained by a numerical fit). The
approximation (5.2) captures the first three oscillations that are smeared out in the
exponentially decaying tail. The construction of the short-time histogram requires
the entire series expansion in (2.8). As indicated in section 4, the oscillation in the
pdf of exit times is a manifestation of the complex eigenvalues of the non-self-adjoint
Dirichlet problem for the corresponding Fokker—Planck operator inside the limit cycle.

6. Summary and discussion. This paper explains the oscillatory decay of the
survival probability of the stochastic dynamics (1.1) that is activated over the bound-
ary of the domain of attraction D of the stable focus of the drift a(x) by the small
noise v/2eb(x.(t)) w(t). The boundary 9D of the domain is an unstable limit cycle
of a(x). It is shown that the oscillations are not due to a mysterious synchronization,
but rather to complex eigenvalues of the Dirichlet problem for the Fokker—Planck op-
erator in D. These are evaluated by a singular perturbation expansion of the spectrum
of the non-self-adjoint operator. The exact formula for the eigenvalues comes from
the local expansion of the boundary layer in the neighborhood of the limit cycle. The
expansion of the eigenvalues identifies for the first time the full and explicit spectrum
of a non-self-adjoint elliptic boundary value problem.

Oscillatory decay is manifested experimentally in the appearance of Up- and
Down-states in the spontaneous activity of the cerebral cortex and in the simulations
of its mathematical models (Holcman and Tsodyks (2006)). The oscillations are due
to the competition between the driving noise and the underlying dynamical system.



1308 D. HOLCMAN AND Z. SCHUSS

REFERENCES

M. ABRAMOWITZ AND I. STEGUN (1972), Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, Dover, New York.

J. ANDERSON, I. LamPL, I. REICHOVA, M. CARANDINI, AND D. FERSTER (2000), Stimulus dependence
of two-state fluctuations of membrane potential in cat visual cortex, Nat. Neurosci., 3, pp. 617—
621.

I. CHAVEL (1984), Eigenvalues in Riemannian Geometry, Pure Appl. Math. 115, Academic Press,
Orlando, FL.

R. CossART, D. ARONOV, AND R. YUSTE (2003), Attractor dynamics of network UP states in the
neocortex, Nature, 423, pp. 283-288.

E.B. Davies (2002), Non-self-adjoint differential operators, Bull. London Math. Soc., 34, pp. 513-
532.

A. DEVINATZ AND A. FRIEDMAN (1977), The asymptotic behavior of the principal eigenvalue of
singularly perturbed degenerate elliptic operators, Illinois J. Math., 21, pp. 852-870.

M.I. FREIDLIN AND A.D. WENTZELL (2012), Random Perturbations of Dynamical Systems, Grund-
lehren Math. Wiss. 260, 3rd ed., Springer, Heidelberg.

D. HoLcMAN AND M. TSoDYKS (2006), The emergence of up and down states in cortical networks,
PLOS Comput. Biol., 2, e23.

M.G. KREIN AND M.A. RUTMAN (1948), Linear operators leaving invariant a cone in a Banach
space, Uspehi Matem. Nauk (N.S.), 3, pp. 3-95 (in Russian); (1950), Linear Operators Leav-
ing Invariant a Cone in a Banach Space, Amer. Math. Soc. Translation 1950, no. 26, AMS,
Providence, RI (in English).

B.J. MATKOWSKY AND Z. SCHUSS (1977), The exit problem for randomly perturbed dynamical sys-
tems, SIAM J. Appl. Math., 33, pp. 365-382.

B.J. MATKOWSKY AND Z. ScHUSS (1982), Diffusion across characteristic boundaries, STAM J. Appl.
Math., 42, pp. 822-834.

Z. Scuuss (1980), Theory and Applications of Stochastic Differential Equations, Wiley Ser. Probab.
Stat., John Wiley & Sons, New York.

Z. Scuuss (2010), Theory and Applications of Stochastic Processes: An Analytical Approach, Appl.
Math. Sci. 170, Springer, New York.

Z. Scuuss (2012), Nonlinear Filtering and Optimal Phase Tracking, Appl. Math. Sci. 180, Springer,
New York.

J. SJIOSTRAND (2009), Spectral properties of non-self-adjoint operators, in Pseudospectra of Linear
Operators, Seminar on PDEs; Evian, France.

L.N. TREFETHEN (1997), Pseudospectra of linear operators, STAM Rev., 39, pp. 383-406.

H. WEYL (1916), Uber die Gleichverteilung von Zahlen mod. Eins, Math. Ann., 77, pp. 313-352.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


